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r ,~~- i i i  f~~i ~~ iL I rk i n k  J r  SigIldh in ~hi~h thc corru pting noIse is
ii ‘,IeI’ ed .~ ~ J I , ~~~,C i,~i. h~’r 1h411 itic USU4 I %Vi c urer io~ c~~ . lain difference is the

t~ rrn ~~j ’ , i t r i r~r I .  the c i n ditional nican squa t e error S~
~~~~~ 1 ~ 1 ‘ I • .~ .ir r ~~~‘ ~ ,i ,~~der ilic ‘o det J is , idct  pi oh lcm of Shiryayc~.

I. lIIl rodu cIi4In . I tie prohkt ’n of d~ ftc h u g  signals in noise is usually
plir~iseJ in t h e  I r ! i \ 5 , l i~~ ~~~

W .= . S ( z t +  ,\ hfl (J~. i’.- 1< ~~ ( I )

het e is the “o h)s e r s c i ’  stt ,e ha~t ic p r t ce~~ being the sum of a “signal”

~ S ( I ) .  ~i iii \ ( 1 )  the “ni u s e ” process . the two processes being mutuall y
i idc pci idci i  t I ti e s ~ r i  ii i~ tisii .i I a rel i tR e l~ siiuoot li process in comparison

~ oh the ii, r i s c  In ure ~~e~ if~~,ilI~ t h e  flu isC process has “large” bandwidth
i 1 ’ ,ite~l t~’ I i i  1 t I c  S IL’i ,iI 4w e  ii~ e th is  hj uds~ idth notion in a general wa~

5111cc t h e  siii 11 . 1  i~ i i  i s s ir  i d t o  hc neccssar i l\  stat ionary). T o  allow for this iii
.1 I lieu r e t  cal ~ a’ i t  s~ is ‘~ ‘ 111 , 1 r~ in eu i ~n i i cc r i i i g  unti l the 196(Y o to allo~ ~% ( 1 )
lo he s~ t i le f l o isC ” c s  (Ii r~~ h n l l f uu r tu rua te l ) ther e ~sas ito precise definition of
t hii’ Hccau ’e I this . Isc~’ i i I i i i i r ~ a bout 1 9b11, it becat iuc fashion3bk to rep lace the
ritodel ~~ k the •V ~ ci ci I’ ! C s  ~crsion We s~ ii t e

c i
> 1  l)~~ ~( s ) J s

~0

iti d then iii~~ke thi ~ h.iiige

>-
) ( 1) ’ =  f  S ( n) i l n  $ U (ii.

C)

~ here II (I f  is a ic t i e r  pr u. ess I hic ’e is no hat ni in thib as long as operations
I l l  
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* ii t i c  ,~~~c i \ e , l ~‘ i ’ ~ e~~ a r c  I l l I c i t  .1’ 01 cS. li lt l Ic III il~ cas e of f i l l e t i n g  t lieor~
1 , 1  ( , l l i s ’ ! . l I l  ~l i l t . l I s  Sii. iiilii j i l t ~I i l t i L ( l I t lC5  .tIlIlCitl Ill ~ti1plica1Ioit d5 501)11 as

i ion- I i i ieai c l ~e t . t t l ns .15 fur cs.inip le in c.tlculitiri g Iikell i~Iod ratios (fo r
c~~i iii i t i i ~~~s- tiilic- p.ti ~i iltctcr l s ru1csses) .  h.isicalI~ beca use aily no n—lit ica r ope ra—
ion r~ tn It,~- i i r tee i . i I i t t  t h e  , hs- .ei5e1 I 11.11,1 i ii ~ hich the differential J) cannot

~~iiip f ’. he I t f s I , t I L1 f  h~ ~ ( i  ~Ji.
Ieie s~e ~Ii,~I l  sf ios ~ t h a t  t h e r e  is a u  i l t e i i i . t t e  the ory in wh i c h  this  d i f f i c u l t y

,luc’ lot . t i i s . Iii t h is lie ii~ ~ e go lLl~ k to I )  hut now take N ( 1 )  to be
in ihe pie~~sc sens e of iii ducirig a w L a k  distribution (finitely

,i d.Ii i is e r l l e . i s u r e  ot t  an I ~-s~ ,iee l i i  t h i s  case the pwcess y(  ) also induces a
s t i n h l a  r s~ caL J~~t i t b i i t i o u i  a nd we nta ~ the n calculate the R . id on -Nikod ym

is . t l i s e of  the s. e ,ik t l t s t r t h u t i o i i s . I h i s  appro ach is many ways simp ler;  it
oi ds t u l  c~ . i i t i p Ie ( l i e  ii ecesst (~ to in so L e  th e ( i i r sa i i ov  theorem. B ut  the most

h i i i pu r ’~.i r l i  r i s e q i l e i l c e  is  a ~ ik u l a l ) l e  l i k e I u t ~~. id f u n c t i o n .  In this way we can
i i  I u S )  t i s i  f t h e  si i i i i e s s  l i t ;  ad h~ c uis.i t~c of t he \Wo n g— Z ak at corr e ct i ons or
t h e  Sii,tt.i r io~ i1 h i l ik - gi ll ot the  c i t c h e  d i f f e r e n t i a l  of Ito. It t u rns  out  tha t  the
t i r t e i  .iu e speci a l  t s e s  of t h e  more g e r i e r  a w h i t e  noise theory.

I i i  Sei_ I o n  2 we iti d i~ a t e  the basi c no t o ins and def in i t ions  tha t  we need. 1 he
ii . ,  i i i  e s u l t  t he  l ik e l iho o d f u n c t i o n a l  lot m u Lt  is given in Section 3. In part icu-

Ia I ss e see t h a t  t h e r e  is a S u i l  r ect u rn term to the  usual I to formula wh ich  can he
1 .ik u I t  ted ii t e l  n i s  of t h e  i_ i mdi i  t o n a l  (ne t n square error.

l i i  Sect i , i i i  we i n d t i  ate one ~i pp h i ca t i t i i i  of the theory to the si i -called
u l is t  0)1m m ’1 piohlein iiiiii~t ted by Sht i r ~ a~ es .K olniu igo r ov [ I I .  We show that  our

t i m i  n i u l a  lot T h e  1ond i l l ona l  pr i ibahi l i t ~ agrees w i t h  the version that  has been
its e u t  h~ I lptse i 1 2 1 in a c t u a l  ana logue  l l o t l l n i t e i  usage.

2. Bask N oti ons: s% h u e  Noise I licury . We sh a l l  now indica te  br i e l l ~ the
ic l . s . t r i t  n i l i ns horn  w h i t e  n oi se  th eor ~ , lea~ iii g detai ls  to 13J Let

— 
ft  ( i )  I 1. (ti.i) :R ,,}. O~- :~~-~ ~~

w h i c i c  k , deno t es  real I u c l tde. in  space of di m ension it . By w h u e  (( au s s i a n )
ri ~ misc  w e  mean the  e lements  of U’ ( i )  un d et  the weaL d i s t r i b u t i o n  ((Iii uss
l i i e a s u l  e de f ined in t e rn i s  of rI t e  cha rac t e r i s t i c  f u n c t i o n  (‘(h ~;

( ( h ) ~~esp ~[h ./i],.

w IICI e L i l e t i t i t e s  i nne r -p roduc t  in f t  ( I )  See for e~amp Ie Skorokhod 141
ic  g e ne ra l l y  let ~i denot e any weak d i s t r i bu t ion  on f4 ’( t ) .  Let / (  ‘ ) he an

I u ii~ I n  ii n i t  ppi ng ft ( it  in t o  a n oth e t  l i t  Ih er ;  space II,. Let j( . I he Bord
inc~i su i , uh le  l e t  I’ he an y  f i n i t e  d i t u t e i t s i o n a l  projecti on on W( I ) .  I hen 1 ( Pta).
w here L den ote s p01 05 in f 4 (  1), is re fe r red  to as a “tame func t i on ”, since / (  Pta)
is a ; an d ’  tnt  ,ui i , ih le  it the  scflSc tha t  I t  induces  a countably addit ive probabi l i ty
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u . i . i ~ i i  ii —u t h a i  i i i  i i  is i i l ii  s1c l i l a ’ ,  s~i~~. ik  of the  p io h ab t l t t y  t h a t

I f / m i ’  I t i t t e l  set i i i  ii,.

e shal l  s i  l i i i  .i I t m i e f  l l i c . I s i i r ilsle h t i i t s - t i , i i i  i s  a w e .uk  r a i t du n u v a r i a b l e  ii lu i

i r i \  s s u f 1 i s I t i ~~ of t i r i t i c  , l i i i i c i t s im ii.iI P m Iec i i m i i ) 5  ‘~m m ’ conve ig i i lg  s t r ong ly to  the

id c i i i i t ~

is ( ,ii0 li~ ss’u l i i e l iSe  ni Ii m m h m . i l s i h i t )  s i lL  It t h at

( ( i t )  ~ - l t i n i i  I. e s p i [  / f  / ,,~~I l i  fl, It E H,

i s  I r idcpe  ide n i ‘‘ I t I l e  - i t  1 t i l ~ur seq uc t ice  u d pr oject ion s chosen. In th is  ease the
sse, i k s h i s t i i h t i t i t ii t i i d u s c s f  h ) / (~~) is fi~ d e h i n i l i o t i  tha t  eonespouiding to ( ( h ) .  If
t h e  spa1e II, is f i n i t e  d i n i c i t s i m i n a l  t hen  m l  cm lii  se the weak dis t r i but i on will  he

t i n  n t . ihh  a d d i t i v e  sm i t li ii w e  s~ i l l  di t i p the qual i f ier  “weak” . Also if the
sesl l ic i ice { P, L~) ) is ( a  i i  l iy  a c t u a l l y i i i  the  mean of order two , then by the
S u m  ‘ i i i  s he ot  ci i i  w e ki t  mss t l u . t t  (‘ ( ) i )  n i u s t  he the characterist ic func t ion  of a

c o u n i a h l \  a d d i l i . e  n i e a s u r c  nid henc e  again  w e tn ay drop the qualifier “weak”
in t h is c, i sC .15 w e l l .  Sec ~I m l  t 1 i d i i ~ e \ i u i i i l) les ‘~ such random vart ables

l e t  p, p .  he t w o  c,,k di s t i  b u t t o n s  on ft  ) [or morç generall y on any
sepai ,tHc I f  t I b e t  I spas ej  We  sh a l l  say tha t  

~~2 is absolutel y cont inuous  wi th
respes i to ~~ i t  gi s  cii i I )  we  ca m i  f i n d  ~~ - - (I such that  fQr any cy linder set C
w i t l i  I t i i i t e — t h i i i i e t i s t m  m i nd base :

• 11~ 1 ( 
- ) -~ i w h c i u e ~ ei 

~~ 
( ~ ) <8.

h a l l  sa’, t h a i  t he  t a i i , l o i i i  s a i t a h l e  I~ ) is t he Ri t don—N ikodym der i s a t ive  of

st oh ies peci i t ,  i i t  f i r  a n y  e’, l i n d e r  set C and any sequence P~ of f in i te
d i i i i e r i s n n u l  pl i e 1 t i ~ i i i s  s m m r i s e i g i r i g  s t r ong l y to the identi t y:

~‘‘( ( ) —= t W i t  f  ~f ( P,,a)dj~1

s’ sh a l l  be o l iLc i  i ics l 55 i t l i  t l u i ~ i oi l y i i i  the case where p~ i s Gauss measure

I n a I l ’, a hi ci e sp l u i t a t u l i  y ss ord abo ut  i andom variables ( tak ing  II, now to

be l u t i u l e  d i n i e t i s i o i i , i l ) .  t i n 1  we t i L e  the case of Gauss measure . Let {~ ,) he any
i i i  t l i m t n o i  in a l  ba si s  i i i  it i t t .  I h i c n  we u su a l l y t ake  the space of all sequences to

he ~~~, w i t h  /; to he I t orel  sd s i l ic i  em ~ nd de te rmine  a countabl y addi tive

i i t e . t s u m  c on w h i t s  Ii . t a r  ces  w i t h  t h e  grs  en dmst i  ih u t i s i ns  of a f ini te  number  of the
s , t t  t ables

j i q ; , ( ’ ,) , a ( s ) ] ds

In  t h e  u , t se  of ( j .i u ss  i u i e a s u  i c  t In s  is e q u i v a l e n t  to t a k i n g  Wiener nteasure on

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - ~~~-- - - .-~~~~~~~—-_ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _  .- — .  •1



1 1 1 1 1 1  If  I i  ( i s  , i l l S  i , t i m I m ’ i i i  5 . i i i . i l ) l e ,  i l t e t i

H

w i l l  he a ( , u i i ~ l u y 5 L ( I l i s ’ i i L S  s o i i s d l ~~ i i lg  i i i  l t t 0 l~’t h t l i 1 \  Is )  so il i e  random ~armahIc
l i t t o n  ,th l&’ /~ (oi  i t s  s m l i i i f s l e t i m t i i )  \~ i th ss t i l e  t i m m i s e  l i owe ser  the  samp le space for

i t s  is I,, die s) ’ . l s L ’ ~i1 s s ) l i . u r e  s u i i t i i i , t h l e  sequ ences In  both cases we agree on
u l i s t i  h i j t i i i i i ~ i i i S m ’ l S  ing  on l y a ( m i t e  i u u i i m u h e r  of t I re  basic variables:

j 1 m: .~ ~~~~ m ) ] di

I low es ci n~m t es c i ’ ,  s i t  tabl e  n a - i s lu t  able /1 c aiu be expressed as a “r andom
v a r i ab le ’’ I ~s~ t i i i  o u r  sense .  l o t  t u lle m i i i  t h i s  see 13 1 We shall  not need to dwell
on t h i s  i t i t u s h  i i i  i h i i s pap et

3. Ik e  \ lj iu i  Re~uIts. I s- i  (~~ /i p )  denot e  a p robab i l i t y  t r ip le in the usual
i o l a t i o i t  a m is t  . S ( i .  ~~) he .mfl k, valued jo in t l y measurable stochastic process,
i t  ~ i susl i t h a t  f o r  each I. 0’. J

~~ 
I~~ U~~~)I I 2 ] dt ’. ~ ( 3 1 )

Sinc c t l t is  I i i i l m l i e s  i i i  p.o i i c u l t n  t h a t

x a c .  i n : ,

w e  s hm,u l l  s t i1 i l ) f ~ ,is~ u ii fl e th u u o t i t  I h a t

I: .~ ( i , ~) I 2 1 ~. fo r  e se iy  1, 0K !.

I ci ii t I )  s i c i ioi e t h e  L, — s pacc

f ) ( t ) =  12 1(0,1]: R~]

Iii ;  each t th s . I l ie u h ’, die I uh i n i  Ih u com eni ,

f t  w) 11 2 d1’ . ~ . m e  in ~

‘Intl

wh e r e  S ( . ~ ) deuto te s  the fu i i c tun  i

S (o ,i,,), 0~~ a( i

-i — - . - .. 
~~~~~~~~~~~~ -~~~~~--—. . 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~
_ 

~~~~~~~~~~~~~~~~~~~~~~ - - - 
~~~~~~~



s i s ’k ls  ,j ( li,~~ - I )  i i c , t s u t , t h l c  n i . i l l p i m t t i  of i i m t t )  11 ( 1 ) ,  whtcu e  we ta k e t h e
m i - i  Ie ~’ h i r.i iii II  ( i t  I’  he t h e  l i mi t  el ss’t s I i i  p.tu i t eu lar

(‘ ( I  ii h 1. e~ p i Us  o,~~ ) / i ( a ) I t/a
] 

h E  W( :)  ( 3 2 )

is I m n  c u s  Ii i t I l e  s h u , t i , t t t c t  t s t i ~ f u u t c i t u i n  of a c t m u u u L i h l y  a d d i t u s e  mea sure t in  the
Um m i el seis i m l  I f  ( F ) .

\e’.t l et i ) (  i s.: ) ,  () ‘._ s s. I C ~ denote  w h i t e  nutis e elements in 11 (1). w i th
s.i i t i p le ~~I m l  i l l s  s lenoie d h~ ~~~

‘
. and let

i ( o , s . : . : )  .S ( a .u) ) ~ i j ( a , a )  0~ a ~ 1< z,

\Ve  , is s l t i i i C  now f ans i  th i r i to s u t I t h a t  t h e  processes S ( ‘ , ta) and ig( ‘ • ~~
‘ ) are

i i i t l e p e t i t l e i i t  ,u i i s l  t I t u s  for h( ) in

L esp i J~ 
[ v ( n , ~~ s. ). /n( i~)J — C (1; h)exp — 

~ f ’~I h ( a bI 2 do. (3 3)

I he f i r s t  u e s u l t  we need is tha t  the weak dist r ibution induced by (3.3) is
a b s o l u t e ly  c m i n i m t i 0 0 0 s  ss u t h  respect to t h a t  induced by the Gauss measure , and
t h at t h e R~ don-~\ k~,dy itt den s at ive is a random variab le J (~, ‘ ), given by:

i f  i. h) =  f  exp — { [5 , 5], — 2 [S ,h},)di~ 
(3 , 4)

w h e r e  I . ~, denotes  inne r  product i i i  H f :) .  and ~u, the mea sure corresponding Is)

(3 2) We note t h a t  w e  can rewr i te  thus as:

t ( i / ii = fe w - 
I 

~ f S(n ,c4U 2JO 2 f [S (a , w).h(o)]da } dp (3 5)

I his  r e su l t  I s  prosed in 151
We w sI t t o show now that  (3 5) for each h in W( T)  is absolutely continuous

ii i  f O . 11 with dci is a t i s  e gi s en ac .  by (d i f fe ren t i a t ing  U~c integ rand):

£ / ( : , h ) ~~ f - ~ ~i l S ( i .~~b!~ 
2 [ S ( i , t4, 1i ’ ( i ) ] ) e~p

~ 
{ f  ~.S’(a . ua) II 2 da - 2f ’~ S( o. ua), h(~ ) d o ] )  ~~, ac.  0<1< 1’.

I i i s i  of .iII w~ n m l i e  t h at

£ 5 1  : s.ii ~exp  
~ (L’u c (o ,t,,) lI

2
~~10 - 2 f [  S(a .~ ).h(a)]da) ~

- 

~ E[ IIS (:, w )11 2]

- -  — .~~~~- ‘ - ~~~~~~-



s~ t u i ~ ii is st u i t u i t a  h i l t ’ ii ~t I I ~~i l l i i l , u u  ly

J ~~t 1 m . ) / i ( ! i  d \ l )  L ’ ’~”~ 
;~~Iii - 2j [S( n .s. )~/ I(o)1Ja ) 4

Ii’, S~ t i w , m i  ii

~I’- 1 I 5 ( F . ta) I~2 J h l 1t(1)II 2

55 h is  It is .u l s i  ‘ s h u t  i im. ih le  it 10 / 1  t Iert ce

f J ‘

~

‘ esp ~ 
~ 

,J~
’ j .‘~ ( tt ) V 2 1 1  S ( o .ta) /t ( c J ) ] d a

)  
d,p

~f( i’~ ) ) d~

=.I(f ~ ‘~) — f ( l )
is  i equ ir ed , -

\es t let us note  t h i . t i .  f , i i  .111) ‘ i f . we caut  f ind  Al such that

I1 1 ( 1 . 1 . ‘~ l~~~m i

I I snee

.IU . Iu ) ’( 5!~!,,, exp - 
~~~~~~ 2 [ S.h J , ) ) ( I _ e )

— ( I  i ) ( exp -— ~ Sup { IS - h bI ~ ))( exp ~
i - S t

~( I i )exp ~( I I h ! ,  + ,,, ) 2 ( 3 6 )

I Ie mke  ( f t t i  h i  i ii i  If I / ) )  we c ,un lake  t h e  log ar i thmic  derivative:

d / ( 1 . / u )  
-

l i i g l i i .h )  — j —- ~
- - . m e .  O c t  ~ T

- (i~ ~
‘
l1.

~~~~) I j~~~~ [ s ( t .w .h ( : ) J )

cx p  

~ { f  ! S ( o .ta) 11 2 c1O — 2f ’ [ S(o~w).h(~ )J do) ‘~‘)/

(Jew - -  ~ (f ’ l ! S (o . w ) II 2 do_ 2j ’ [S (o.w) ,~~(o) ] ~~~) 4)

(3.7)

I



l e t

~~i / . /i = (  / 5 ( I , L’) e s p  { ~~ ~~~~
2 m/a

esp 

~ 
{ j~

I5( ~ s . H I a  - 2 f ’ [ S ( n , t~) , I t ( ø )  ] d o  } tie) 13 8)

l e t

(f~is ( F  u.:)j ; e ~ p - [f ~ i S (a . a) j j 2 da — S(a, w), h(o) ]da } d~)
- - -~~~~~ --— -— - —-—- -—--—-~~~~~ -- —____

( f e w- - {f ~‘ ( a , u~flI 2do -- I [S(o~w).h(a)]do
) 

dp)

- I S  ( l , / i ) 11 2 (3. 9)

I l ie u  a s i t i t p l e .ipp t ic . i  I i m t n  of the Schw art i  inequ a l i ty  shows that

l u i t a l l y w e  h a s e  then  t h a t

1’ / ‘ ( s , / i )  -

l t i g / ( : . h ) =  J - - - - -
~~

— i/s

= 
~ 

{ f i i ~ ( u , /u) 11 2 -2J ’
[ .~~ (o h) . h ( o ) ] d a + f ’P co .h)d o }.  (3 .10)

S u b s t u l u i u u t g  l ( o , u. . t . : j  for h( ) in 13 101, we obtain the “lo~-Iikel ihood -- func-
iio u t ” . We sh a l l  now show tha t  S ( : ; i )  has the interpretat ion as the conditional
e sp e e t a l io m t  of SI i’ .w) given “~‘(o ,~~, u~’). 0 ~ a ~ i”. Thç latt er needs a more
precise d e f u n i t i t t n  which we give now . Let ~~) be any orthørnormal basis in
ii ( F )  and let P,, cu i r  respond to the projection operator corresponding to the span
i i i  q~ . . .  ç,, . Let

— 
J~~,( o) y ( o .w .id)do.

l e t  ‘ ‘,, denote t ime  s igma-al gebra generated by 
~

‘ 

~~~~~~ 
.~~~~ . Let P(i)y denote

i ) i ’J , i.. . w ) ,  O t . ~~~~~ I hen

E[ S( I . w ) I P ,, P ( : ) y ]  — E[ S(:, w)I~~ )

y ields a ~csltme nc e of tam ute  random variables , s Cauchy sequence in the mean of

- -~~ - - 
- — 

- 
——

~~~~~~~~
----

~~~~~~~~
-
~~~~
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- - - ~~~~~~~~~~~~~~~~~~~ 

-
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m m i m h e i  i w m m  l m ~ I i I~~ m l s m m i i i  Se .t i t m . i u  i m n g a l e  s e s f u t e i i c e  (w thu  I m u t u t e  ~c~~ i u d u i u o : i u e u l t

~V c  s f i a l l  s l u m S t h u  t I n s  se t h l t t ’ i i s L  is e s 1uis , t l en i  l i t  the sequence

S ( F .  I ’,m ii

S m )  t h at

-~~ ( I - I )~~ ‘ 1 5h i~~ ) I I’ ( 1) t ’ ]

l i i i  t I t u s  I f l s t  of a l l .

I~J ~
‘
~I/’,~

/ ’( ‘~

is read i l y seem u i i i  he i Ha \ Cs R t i l e )  gi s en b y :

.‘:, [ -~-c ’ j e m .p I :1 I’, .’)’ i~ 2[ P,, s . P~v] , ) d ~5

J C 5 )  I { t I’ ,m ”~ 2 [ ~~~~~~~~~~~
II 01

I h is is .m ( a sic hy sequtence iii the nu ea ii of si t  der tw o.  Hence

( [S , ip 1] exp ~( 11 s . - 2 [ S . ’J 1) d ~t,- is 
~t j

- 
~ 

{ 5 2 [ S. ] , ) d~u,

d e f m u m e ’  .u i aui dom mi  s ariable correspoitsiiutg to the cotidutuona l expectation :

Ili fl i t E[ [ S. 
~] V’,m t’ ]

Mmii  e genera l l y ,  for any ~ i n if ( 1 ) ,

h urn . i  El

is the usf eu tt i fued with random var iable :

J [S .q~]exp — { Il S II~ 2[ 5.y],} dg~
1$ ( t )  

__________

f ex p - 
~(IIs II~ 

-

N i :,

Now

£ bS(i ,t~,)-- ‘If S(o .w)doJJ 2 —.O a’e.
I - -  i /n

_______________ _____ _ _
-_~~~

-
~~~~--



i l u l  L i s l l m ,  i l l 5 ~ ii. i l i i i

I t ,  ~iI’ ., m 1 c

t m  ‘ l i i  s t s  i h i . i i

h l t ~i t I  I S ~‘ m~) /‘,, i l i i ~ I ‘~
j
~ i / , m ~~ 

(O.
~~

) iIOlI’mV ]

s i l l  he m d e u u i u h u e d  s s i t h t  t h e  r . tu us l m mn t  ~. t i i , mhl t . ’

( i  ( i . ~~) es p { ~~~~ 
(g~~ h ~~/ mj 2 \ (o .~~).~ (o)]do

) 
dp)

( f e w  
- j~~S ( o .s~) 1 1do - 2 j 1  Sio .L e . u (a)]da

} 4)
=S(:,y) n.e. (3. 11)

Iii . t  s i u t i i f a m  w a s

is . i 1  Sm ’  .i i i i . i r umi iga l e  s t i l t s  ci geu t t  i i i  the  mean ui f  order onc, and we can see i l t a t
ih u e  i n t u i t  us  ident i f ied w n h  due ra ut s i orn var iable

f [s.~~]~exp - 

~( is i~ 2 [ S ,y]1)d~5$ i i j

L ~~~~ I S  -
~~ 

- 2 f s. y ] , ) 4~.

\ i: . t u i  I

s . )~~ ~
[ I1S(~~~~,L:)dO~~~~ ~~~~

J H S ( i .~~) — f  nS(a , w)do ; 1 2
I ’’  I ,m :— i / i t

\
/ ~‘ [ U S( 1~w) +f  :1S~~~~~;~ o~~ }i — i / n

- .() with tu.

by Jeutseuu ’s u m i c q u a l i t y :

LIL[ flPn] I t’. L’[Ifl].

- — ~~~~~~~~~ .‘-----... - ‘ - ‘- ~~~ ——~~~~~~~~~~~~ 
- 

_.! :



I I . : i i s i .’ 5 ) 5 ’ I i m  I s’ . i u I i l \  i i i h s ’u t h i . i l

/ : [  : 5 ( F .u.:)~I
2 iPni]

s o m i s e t  cc’ iii die u i i e a l m  m l  o i d c u  one. .muu d d t a t  €
-
~ - c i... ‘ ‘

~~~~ )~~~~~~~
I m

1 .~ , c~~ ~~~~~~~~~ 4 “ ~-~~‘ ~~~‘ ‘~~ —~-I  ~~~~~~~~~ ~~ L -
~~~~ 

‘

~~~ 
‘ ‘

— — — -

~~ F a S(~~, ~
) , J(c) ) r

I s  .t i . i u i m h t m n t i  s _ u i  t ab le

= 1 5 ( 1. ~ ) j I ~j L ( ,)y  ]. (3 12)

\ loi em ’ S ci sss n o t e  t h a t  s u b s t i t u t i n g  m (  a , c.’, ia )  fm , r  h ( o )  in (3 .9J, we have:

/~ (i: i - )= L I I S  ( l . w ) 1 1 2 1 P ( 1 ) Y]  — II ~ (“Y) 11 2 .

/ ~ ( i . ia)~~ I’,, P( i )u  I - / S ( 1 , P 5 e ( 1 ) Y1 ( 1 2

_ Li f l S  ( :, w) — E[ S ( 1 .ia ) I P n ?g i~’] II 2 I P n Piy

~m eldung  a (‘.iuch y sc qu cut ce w h i c h  is equ iva len t  to the C41 chy sequence

/1 (1 , P ,~) . ) ,

I l eu tce  we ~ aim expr ess  P (1 . i  m u l s u ,  as:

P ( i , i  ) L~~I S ( 1 , ua) - E [ S ( 1 . i a ) I P ( I ) y ] I I 2f ( ~) y ]

= I I I S ) L i a )  - S ( : s ) ~l 2 I f ( ! ) y J .  (3. 13)

I iu i a l l y  t h e n  ss e h a v e  for the  l u g - lmk e luh ood - r a t io  functiona l :

Iog/ ( i i  I - 
~ (u ) I ’m/a 2 f [  S (a .~ ).y(o))4o + f’P(o. v)do },

( 3 .14)

w h m c h  us i l ien a g e n e r t h u t a  u n it  of the for mu la  in [Sj.

_________________ ~~~~ — ~~~~~~~~ . - - . - —~~~~~—— . 
- - 

i~



4.~~~~1ip 1it uu i i i i u ~. I l i .  I n s t  i p ~i h i s . i t l m l u  oh 14) is to t h e  s , sC w h ere 5 ( t m . . )

is .u ( j . u i i s s i , i n  P 1 m m  C - s  hi .’s .u i I ~~m. m i t  t h e  I c s u u l t i i u g  s i m p l i f i c a t i o n  t h a t

I’ ( i i )  ~ / i H ’ ’ - ’~~ 
S

t u s h  is t h i n s  u iu i le pc i ld s ’ u u t  m m t  I I M, i e u , s s ’r . i t  ~ po ssible , i f S( t .~~.. is f u r t h e r  an
I t ,  p I mm e ss t m  m h t . u l i u  a ~h i l l e i e i t i , u l  J u . i i a m t c i i i , u i u t n  for P ( i )  as w e l l  as of course

m l 5 )  u Sec I~ ! t~~i t I l l ’ , pap et . l t m m s s e s e t , w e  shal l  concen t ra te  on .m n o n — G a u s —
‘ i , i t m use , s i i u d i e d  h~ Vs o u u b i : t t u i  (,~ a i i m 1  I ip i s e m— Sh t r ya yev 171. This us the C, isC

w he i c  S~ i~ ~- t is a (m l i s - — m l l t i i e i t s i i m m l a l  ) ca l - s a l u t e d  process:

.S ( F m . : )~~ mi k i t  7 ( W ) )  i~~0,

ss l i s ’i e  r ( ~. )  is .1 \ h , i i k m m ~ u n t i e  i c l a i t ~~e t i m  ‘ m m i i i lC g r o w i n g  s igma-a l gebra B i n ,  and
i_ i t t  i s  t h e  s h i . t r . i m t e i i s i i c  h i l r i s t l i m t u  u i  t i l e  p i u s i t m s e  r e a l — J u n e , t ~ 0:

I I  i i O .
m l ,  I —. ,

.m id a i s .u f i x e d  pm m s i t i .  e ii u i t i h e u  - I i  is r e ad i l y er i f ied th4t :

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

a ui d I ieut c c

J ’L ( s i t .  ) 2 ) I I

I lie p i m m i s s  S ( l s C ) is s)f i m m u i r s e  t m i i : u i l ’ s i m i e . t s i i n a h d e in i and ia Let

i ( t , s . u~. ) = u \ ( I  T ( m bH ~( i w ’ )  0~~i<x. ( 4 1 )

w h c m e  a ~-0 , ,i ui ~h ‘1(~ . i a )  is w h u e  ( t , i i i s ~m i , i t l  u tm ’ i se  in f1 ’ ( 7) .  Let us ca lcula te  the
l m i g ’ l i k e l u h ot isl  r a t i o  based on H . I j I m i s t  le t  us note thui t

L [ S ( I . L~i
’

i I ’ 1 I ) i  Vol t S ( i . i a ) I ? ( I ) y ]

= aS ( t i )

=a 2 7r( I ,)- )~~O

So t h a t

P ( i i  )~~~“~~ 
( i

~~~~~
) S ( , ) 2

i~~( 1 . i - ) - ~r ( l : y ) 2 ] .  ( 4 2 )

if - -- --— -
-

- - --— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



ii mm u

I - i  I - 

~i i_ I l  I t  ‘ i l - I ’  ( F )  u j .  (4 3)

\ S C  m i l l  l e . i m l i h \  m. i Imuu l ,u tc  l i i i  I c t i m u i r  / ‘) ( I ) deno te  the d u s t r i h u t i m i u t  m u

( ;  e \ f ~ (o ~~ t (I I 2n j u - ( ~~) u/s

- - - - - - - ——— - - --  ( 4 4 )

1 :111 ) t J e sp  ~ ~~) -  2a J v ( i ) t h } d P ( U ) )

h i m  I m m , I lkm .h l l u m i m m d  i , i t i u m  c.iit t h us hi- e ’ p l e s s C s l :

‘u/mi 2~~~~~( mi ) u ( o~~u/o f m m 2 J  (~~(o, i  ) ~(a .)) 2 )da
)

I I  - ‘
= 

2 
a ’ J ~~~( o~~ ii/o - 2af ~~ (a .~~) u ( n ) i J o } .  ( 4 5 )

s h m c t e  — u us g i s en Irs ( 4 4 ~
I m c  s i m p lest  ca se  g m in g  ba sk to W u n h s : u t t u  16fl is to take  for  the d i s t r i b u t i o n

i m i  r i m ,  I -

I’ r (  i (~~) -=0 1 P . P r ( r ( u a ) - i  ~-u ]  = (  I - - P )5~~~Ai A~~ ’)

I i  t h I s  ‘mc i 4 4 )  hem- m ’ u i i es:

‘
~ (i.u ) 

- ~~-- - — . ( 4 ( i )
(I - p ) e ’ Am + ~ ( I i )

ss f i e m e

S ( t i  h = { cxp (  - ~~~ 
4 of  u - (  s )u /s )  } p

+ (I ,m ) A  

[

t
ex~~{ ( ~~1 

A)~I - - i ( s ) ~~ } dO. ( 4 7 )

I his  ~s ilts’ sm ui nc  l i i i  i i iu i hu , c x s e l m u l i i i  i e i i l , uc e inen t  of di by d} .  gi s en  h~
S u m  a e ( I I .  H u t  t h e  di iIereuice appears i t n ur e  s t r ik ing ly in the “di f f e reu t  t i ~t f

lqu . i  t O u t ) ’ h t umr . i c  teu  i / , t t i i  in m m f  ( 1  u b e tween  our version and the “W iner pi n—
ess ’’ s c m  s u m  i t  iii  our case we can d e u m ~ e .u ut o rd inary  differential  equat ion for

~( t 1 )  by di fle rentm.ui ing shii e itly with , t em .pect to t i n  (4.6), remembering that  i - (

- - ~~~~~~~~
---- -- ----

~~~~~ 



i s  i i i  / - f u u u i s i t m m m t  m m s s ’n m u m  f i u i i t m .’ u u m t e r s , u l  I h i s  is m i m i l i s ’ u i i i u s i  cx I~e m l i t i m t u s l \  m i  t I m e

~i . u \  i s u u u i i l . u t  t i le  te~ h i u t i m ) u i e  nu  S h u i u ~~. u y e s  Ill) . R e w r i t e :

F )
: r ( I . u  ) - -I i ‘i’) F I

is  I e

I 
,~ ( F )  ( ,~ t (I p ).\ j~

( u ) d ~)~

s~ lus ’i c

u~I n = e x p ( (  
~~1 

A ) t  O J I  ( u ) d ~)

I h e u m s  e

,i~ i t )  -
m m  { F ) X m ; m ( I h

g ( i )

A

I l e i t s e  u u s m u u g

( 1 )  tp (t ) 
-— 

q~( i )  I + 4 ( : )

sse get

( F ,i ) ( l  ~~ ) (/ m  
n 2

) 
f~~(l 7noF ( t ) ;  ~~ (0 . v ) =p  ( 4 8 )

i~ l i i i  Ii ms i ( m m . i i  die w f i t t e — i t u m u s c  s e n s u u u u u  of t I m e  t u ’ i n t u l a .  In cont r a s t  to the W im m u cr
p l m m _ i’ s - , S e t ’m i m m t i  mit 1

iI ’— =~( l  r’rH,\ n ’r~~) u/t + urr (l r i - ) d ) ( i )  (4. 9)

l b we t t m m w  , u fd  die Vs’m m u i i i  / , m k , t u  18 1 l u u i i e s  t i m u i m  t em mt u s  to thus  equat ion:  namel y
s u b t r a c t

( ; ( I  2~~) I ~ ~
2 ) dI

u’ oft t ~u mii

mk = ( I  ~ ) (A ~ t ~ ( I ~ ) n J ) ’ ( i ) ,  (4 I t ) )

_ _ _ _ _ _ _ _ _ _  — - - -  - - - ..

~~~
—-

~~~~
- - - - — — -- - 
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S S t m I m  is i ’ m R  t i l , l t  t h s ’ m I I 1 \  i h i , i i i . ’ m u s  m c p i u c u u i g  i - U) u I l  by 1)  I F )  I l encc  m u m

s l l u i i m m l l  i s  m i I ’ m I 5~~ l i t  s s i t lu t h i s ’ \\ m m l i g - i’. i k . u l  m m m m i m . c i m i u n l  t lt c S t i . u t a i t m t s u u . h t  i i m t c g i . u f
u ) 1  , t l l m.f t h i s ’ m i l l  i i ,’ u I i l I i . ’ t m ’ I l t i . i I  m m  i i t , u h i s m m i  m l  It ~i 110 ] Imt stee d i i i  t he i r  m a i e u u l ~u t u u u ns

i i i  is L i i i  s l l i i u i l , i t I m ’ i l  m l  ~~ ( i . i 1 I ) a s h u e s  s k i i  a i i m 1  I _ u p i s e u  12 1 ~ihso , i f i t m c . m r  to a c t u a l l y
i N C  I - )  ‘~ h I  is’ I l i e  I t  s e t s i m u i l  u - I  ‘ ) t i h u , t i  m h u m ’y ahs m de r i v e .  I hey ob ta in  ( 4 8 )

Ii ,t S m u i c i S  I m m i  I l l _ i !  I i i , i u l i i m l  l l m m s S e \  Ci  t i 5 l l l ~~ l ie  S t i , t t u i t m m \  i i i  m u t e g r i l  t i l  ne p laie th e

I i  i mi t eci ,m I

5 - .i ~i i c h m t  h u t  u i - s i t  t l i des s  n u p i m i  i . u i t  mi , t l m l i h u c , I t i o n )  gene~al i i . i t i m u n , let  us
m m  m n s i u h m .’I i ii.’

i ) I . m C . u C  I = S~ ( F )  ~~k (  I T ( & C ) ) S , ( F ) +  iJ ( i , w ’),

ss i c i m ’ ~ i ) . i , i m I  T i  - ~u rc a ’m b e b u i u e .  t i u d t he  d u s t i i b u t u o n  of ‘r(ua ) is the san te S~ e
u ,, t u t  l i e u  , u l s  i m l . i t e :

(I j m ) S ~ I I )e A m~~ ‘s
’

( i) N( i)

5’ ( ( : i )  = - -- - _______

I I ~i ) t ’ 
Am + ~ (i)

ss I u e i m ,-

S ( I ) = / u c s p  ~ 1 
/ 5 ( a I iI a  2 J 5 2 ( o ) i ( n ) d o}

f (I /1 (A [es l m ( ~ /~ 
( n y u / a  + IS 2 ( o ) v ( o) d o  - A9 ) dO.

I I .  h m m l l m m w  u n t ui t h e  pie s i m t u s  c X , i t i u l l h e . w e  n m m w  t a k e

5 ( F l e A
• m I F ) _ .  - - -

( I  j ’)

we  h as -c ;

S I F ) +  S h i ) m ~ ( I )
S ( t i  J ’~ 

- - - -—— , (4 11)

w h iC i c  :1 t i  i i i  lie e ~pressed as:

~~~ 
,
~ ( F )  j i ~ ( I  p)Af g ( s ) d~ j ,( I - /n

mi l i e u  e

,u : ( 1 ) exp ( ~~~j S 2 ( f l ) 1 t/o J S i (a ) .Y ( o ) dG_AI)

_ _ _ _ _ _ _ _ _  ~~~~~~ .- -——~~~- .  -~~ ——- - . 
~~~~~



I I ,  ~~~ .~~~ ~

‘ - ( I l
I t  m , ’f If

m : b I )

S I t  I S i t )  t t g

i_ ( \ ( H ’ 
~) -  ~ ~~ ( i )  v ( i )~ ($)  (4 1 2 i

m i t

m m ( i t ) ~~ I I’

\ \ u  i . i ~~i liii m l  - m ’  : i  ,u m l i f l i , ’ r e i i t i . i I  t’L h h i , t t l m h i m  h i m i  . S ) F , i ) . ~i s s i . i i i u i i1g t h a t  5’i~~
’ aiid

S i )  m m  I u l f u i e u i t - m l m t m - I n u t  we  m m l i l i t  i b i s  u f e i . u u ~ i e i e .  exe ep to qum i te  t h e  r e s u l t
I - - m i u  - m l  m m  . d i m  s i tm i s  e~

- ( s  t i l  S I i ) ) . \~ ( F )  4 5 ,  ( i t (  ~ (F .  i - b  S~ (i ))
5 I I  , t - - — - - -

S
~ ‘) ~~~ h i )

$ ( )  5 ( 1 )  + ~ ( l u ) )

• \ (  S i n  ~ ( i t )) ( I s  ( 1 t  ~S 2 ( s )  i - ( I ) - - A) ( S ( F l )  -
~~~ 

(i))~~).~

~ ‘
~I ~‘~ ( (4 13 )

5 (ft m ) ( I  I S ’ i~~) + ~~2 (0) P .

. u i m .C m t  t h e  n a t l m e r  s m i t n i p l i u . t !e s h  i u . t i i i m s ’ m i f hi m ’ , es( u~t t t m i n . pet It ap s i t  would  he
m l  mm i i s s  (4 l i i  ,t ho~ c w i t h  14 l 2 i  l (ii I t o  s e n s i o n  iii  (4 . 12 )  is g iv en  by :

— I + ~,~) / n / I  + 
~ 2 ) I t m ; J i ) d ) ( I )  (4 14)

I 1 1 , 1 1 1 5  S m  t i ’ t e t h a t  t h i e  s t . t i i s t l m s  u m t  S f F . u  I a ic  t lt ose ui f due Cutuch y sequence

c (i.!’, ,)

. i u t mi  l u  I t  ii m ) m i s ’) t i n t e d  hs (4 14 ) a i id  4 I I ) .  l i t  p . i r tueu i la r  then

I h i l t  S ( t  )

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  -- . - - ‘~~~~~~~~ - ,- - - -  --



is .m \I t i k m ms t t i t i e  s i u t l t  u s ’spe u t i i )  t i l l ’ g m u s s i t l ~’ s tg ui i .m ~m l gebr~u

si h u s ’i e ‘ ( i u  Is hue m l  , t l e c h i i  a c ’ c u u e r , t  ted h ’ m  I I ’. e - l u e u i se  the s ta t is t ics  arc de—
i c i  u l u i t l s ’d I i  h is’ ‘‘Vi l e t l e t  P~ 

m ‘~c~x’’ s-en su uun In  pa r t i cu la r  t i t ei t  the opt i m al
sI~ u p p i I i g  t u i n u c  t h i e i m l ’ m m l  Sl i m i  ~, &~ es t i m  t h e ‘‘s ftsord e r ’’ pr ob len i ~I ]  can be
e m _ p l m m i t m - u h . u i u n i , u t i s  i t m u u i , u t t d i s

R ef ere nces

S N Si i ium s i t S  s l i m s i i I Scm.~u m c i m i m , i I  A i i ,m t~ sis . .4 ‘.1 S Jr anslmuii u,ui of Mmmt/ immm.mumm a! M,,nu-
L , ,m / lm . 5 , 1  ~iS t ’ l m ’ S i m lCu imC .  97 1

I 2} 51 t t ) s s i t u  s s5 i i  , i u umi ti Sum I - i  su Ii Sin t ut .uikm n i  of Sioçh,tS Ut D i f t c i e u u t u a t  F q u atuouu s
i nme , c m l  us nh  mhc ‘ t i  ,, ,I~~r - - 

pi m , h l e i n u  b y M c.tn s of An mt t o~u.uc Cun ipu ier ~ A uiniastAiu u
1, , ,,.  1 l i , i m m A m i  Vim )  27 ~s m  4 I

I~ l ‘5 5 lii A K K i ’ , i i ’ . 55 -‘ 5¼ m um N sc ‘ m C i  siou u mu ) uhe ( m m ,  s i r i u S  )uiinutJ Pri m, m’.’dmn~, of :hr
5. m m / s m o m , pm S m , - . / i m j , m m m  / m , i ,, , ,4/ / q ummum m ~ u m , K ym mi m u i 976 , eduied by K Ito.

- i l  -\ V 5~~m s m i u m m i ,  m i s - c l  . i i . , i l  in t I i t t , cn  S j mimmc.  Spuuigei- Vc r la ~ , Bcr li n . Heid elberg, Ne~
\ m r k . i 974

I - -5 5 l i i i \5, ) i u ’ m t t s  s’, K . , m l m m i m  N A, ‘d i iii I ) en iu ~~iivCs of a Ct~ss of Weak Dm suru bu t t o n s  on
II,Iiicri Spmt m.es 4p,’/  i i m - I  ( ) ~ i I m  i 9 7 7j  209 225.

I’ J IV 51 Vi m m ” . u . s  ii 5’ i i  ic \ ; m j u t  i .  , u l m , , m s  m if Si m m . h i  s i m i  Di ufercn t uit I 1—a~ua t m tinus mm O pui ru t a l  Nuo ‘tin -
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